We construct non-trivial elements of order 2 in the homotopy groups π8j+1+ * Diff(D 6 , ∂) for * ≡ 1, 2 (mod 8), which are detected through the chain
Introduction
We use the Gromoll filtration [13] of Γ n+1 = π 0 (Diff(D n , ∂)) to study the topology of spaces of metrics of positive curvature and the topology of diffeomorphism groups for closed spin manifolds.
This Gromoll filtration
(n) = Γ n+1 is defined using the homomorphisms
simply by setting Γ n+1 (k) := Im(λ) ⊂ Γ n+1 .
Here λ interprets a smooth family of diffeomorphisms of D k parametrized by D n−k as one diffeomorphism of D n (which preserves the first n−k coordinates). Our notation is somewhat non-standard, Γ n+1 (k) is supposed to reflect the kdimensional "disk of origin", as this is the relevant parameter for our applications. (The more traditional notation for what we call Γ n+1 (k) is Γ n+1 n−k−1 .) Our main result is that certain important classes in Γ n+1 have lifts all the way to Γ n+1 (6) . "Important" here refers in particular to classes which have nontrivial α-invariant, defined as follows and coinciding 1 with Adams' invariant d R of [1, Section 7] . We consider the α-invariant as a homomorphism to real K-homology (of a point)
which factors in the following way 
Here, Θ n+1 is the group of oriented diffeomorphism classes of homotopy spheres, and the isomorphism Σ produces an exotic (n+1)-sphere from a diffeomorphism in Γ n+1 by extending the latter by the identity map to S n and then clutching two (n+1)-disks using this diffeomorphism of S n . The map to Ω Spin n+1 assigns to a homotopy sphere the spin bordism class it represents (having a unique spin structure). Finally, the transformation α Spin is the so-called Atiyah orientation; it assigns to a spin manifold the KO-valued index of its Dirac operator.
We will use many different versions of "α-invariant" homomorphisms, defined on different spaces. In most cases, we will not distinguish them in notation but rather just write α, the precise setting will be clear from the context.
Recall that Γ n+1 is a finite abelian group for each n, and KO n+1 = Z/2Z if n ≡ 0, 1 modulo 8, but is zero or infinite cyclic for all other degrees. Therefore, α Γ is only interesting for n ≡ 0, 1 (mod 8). It is a well known result of Adams [1, Section 7 and 12] that α is a split epimorphism in these cases (if n > 0). Our main result improves this by constructing some elements with non-trivial α-invariant deep in the Gromoll filtration:
1.1 Theorem. For all j ≥ 1 and ǫ ∈ {1, 2}, there is a homotopy (8j + ǫ)-sphere with disk of origin not bigger than 6 and non-trivial α-invariant, which is of order two in the group of homotopy spheres. In fact, somewhat more is true, namely α : π 8j−7+ǫ (Diff(D 6 , ∂)) → Γ 8j+ǫ (6) → KO 8j+ǫ is split surjective.
In [10] it was proven that α(Γ 8j+2 (7) ) = KO 8j+2 . In this paper we improve this result in two ways: we reduce the disk of origin by one to D 6 , and we also cover the dimensions 8j+1.
To our knowledge, lifts this far in the Gromoll filtration have rarely been constructed before. In addition, our construction methods seems to be novel. In [10] , the first two authors constructed the required elements in Γ 8j+2 (7) as products between elements in π β (Diff(D k , ∂)) and π α (S β ), a strategy which had been employed previously by Antonelli, Burghelea, and Kahn [4] and Burghelea and Lashoff [9] .
In the present paper, we use a secondary product construction, more precisely, Toda brackets. In this way we implement the suggestion made in [ (6) .
For a summary of earlier results on the Gromoll filtration of bP 4k -homotopy spheres, see the bottom of the table in the Appendix A.
Harmonic spinors and diffeomorphism groups
It is an old question whether a given closed spin manifold M admits harmonic spinors. Note that this depends on the Riemannian metric M , the more precise question therefore is whether M admits a Riemannian metric such that its Dirac operator has non-trivial kernel.
This question has a long history. The many positive results all use the following strategy: if every metric admits a harmonic spinor, we are of course done. Otherwise, we look at the complement:
to be the space of Riemannian metrics on M with invertible Dirac operator.
It then suffices to show that this space is not contractible, so that it can not be equal to the (contractible) space of all Riemannian metrics.
Nigel Hitchin [15, Theorem 4.5] was the first to use essentially this method to prove that there are metrics with non-trivial harmonic spinor whenever dim(M ) ≡ −1, 0, 1 (mod 8). Later, Christian Bär [5] showed that the space of metrics with non-invertible Dirac operator on any spin manifold of dimension m ≡ 3 (mod 4) is non-empty. Waterstraat [34] showed that its components can be distinguished using the spectral flow of the Dirac operator, which actually is a relative index.
More specifically, we assume that there is a metric g 0 ∈ R inv (M ). Choose an embedding of D n into M and define j : Diff(D n , ∂) → Diff(M ) via extension of a diffeomorphism outside this embedded disk by the identity. We have the action map
given by pulling back g 0 by the diffeomorphism, which we may compose with the extension map j.
Our goal now is to use this sequence of maps to obtain non-trivial elements in π n−m (R inv (M ), g 0 ). Indeed, we can use a relative index of the Dirac operator (the index difference to g 0 in the sense of Ebert [11] )
Strictly speaking, in [11] the map is defined on the space of metrics of positive scalar curvature. However, the analytic condition required to construct it is not positive scalar curvature but merily the invertibility of the Dirac operator so that [11] literally applies. The composition
was introduced and studied by Hitchin [15] . He proved that it is equal to the α-invariant homomorphism. With Theorem 1.1 above we produce the required input for Hitchin's method to work in almost all dimensions, therefore answering the question almost completely:
1.4 Theorem. Let M be a closed spin manifold of dimension m ≥ 6. Then M admits a Riemannian metric with a non-trivial harmonic spinor. Indeed for each Riemannian metric g 0 in the complementary space R inv (M ), the homotopy groups π n−m (R inv (M ), g 0 ) are non-trivial for n ≥ m and n ≡ 0, 1 (mod 8).
Note that here R inv (M ) is allowed to be empty, in which case the second statement is vacuous.
Proof. We start by proving the second assertion. The non-trivial classes of order 2 in π n−m (Diff(D m , ∂)) of Theorem 1.1 which are detected by α, map to classes in π n−m (R inv (M ), g 0 ) through the action homomorphism; the latter group is placed in the middle of the sequence (2), so the classes constructed in this way are non-trivial.
It follows that R inv (M ) is non-contractible (maybe empty) and therefore must be a strict subset of the contractible space of all Riemannian metrics on M , and the first assertion follows. 
are split epimorphisms for all g 0 ∈ R inv (M ). This provides infinitely many degrees where the homotopy groups contain a summand isomorphic to Z/2.
1.7 Remark. Note that R inv (M ) is non-empty if and only if the necessary condition for this is satisfied, namely that α(M ) = 0 ∈ KO m , compare [2] .
Remark.
In the situation of Corollary 1.6, suppose that the hypothesis R inv (M ) = ∅ is omitted. Then our method still shows the existence of a split surjection π n−m Diff(M ) → KO n+1 , under the stronger hypothesis n ≥ m + 2, or after replacing Diff(M ) by the "spin diffeomorphism group" whose elements are diffeomorphisms together with a lift of the derivative to the spin principal bundle. In this case the map to KO-theory is given by the α-invariant of the mapping torus.
Positive curvature
An important application of Theorem 1.1 concerns the topology of spaces R 
interpolating between the first two cases.
We are studying the case where the corresponding space R + c (M ) is nonempty. The Schrödinger-Lichnerowicz formula entails that the first obstruction to the existence of a positive scalar curvature metric on M is the index of the Dirac operator defined by its spin structure, i.e., α Spin ([M ]) of (1). When M is simply connected of dimension ≥ 5, Stolz [32] proved that R [28, 30, 31] .
We start at the other end and we assume that there is g 0 ∈ R 
is a split epimorphism. In particular, also π n−m (R + c (M ), g 0 ) → KO n+1 = Z/2 is a split epimorphism and R + c (M, g 0 ) has infinitely many non-trivial homotopy groups.
1.10 Remark. Hitchin introduced precisely this method, applied to the space of metrics of positive scalar curvature in [15] . However, at the time it was only known that
is surjective for k = 0 or k = 1, and m + k ≡ 0, 1 (mod 8), m ≥ 8. Therefore, Hitchin with this method only could obtain information about π 0 (R + sc (M )) and
Botvinnik, Ebert and Randal-Williams in the breakthrough paper [6] study the space of metrics of positive scalar curvature R
and has infinite image if KO n+1 ∼ = Z, i.e. n ≡ 3 (mod 4). Their methods are rather different from ours, in particular the family of metrics they obtain are very inexplicit and rely on surgery.
Hitchin's method, on the other hand, gives rather explicit families of metrics -at least if the family of diffeomorphisms used in the construction is explicit. We view this as one of the appealing features of our construction. Moreover, our method applies not only to scalar curvature, but to all metrics of positive curvature as listed above.
Note that in Hitchin's and therefore our construction of homotopy classes of metrics of positive scalar curvature, the corresponding families of metrics are obtained by pulling back g 0 with an appropriate family of diffeomorphisms which is supported on a small disk in M . This means that we only make a local change of the given initial metric g 0 . We note that by the very way they are constructed these classes become trivial when mapped to the moduli space of metrics (in contrast to some elements of π * (R + sc (M )) obtained in very different ways in [6, 14] ).
Toda brackets
We now describe in more detail our method to prove the main Theorem 1.1, lifting certain exotic spheres deep in the Gromoll filtration, and additional results around this.
The starting point of the construction is a homotopy equivalence
due to Morlet [26] , with a detailed proof by Burghelea and Lashof in [9, Theorem 4.4]. Recall that P L n is the simplicial group of piecewise linear homeomorphisms of R n fixing the origin, with homotopy theoretic subgroup inclu-
we call all these stabilization maps S). We will also use the orientation preserving versions, denoted SP L n , etc.
As checked in [9, Theorem 1.3] and [10, Lemma 2.5], under the isomorphism induced by M , the stabilization λ defining the Gromoll filtration becomes the stabilization S, i.e. we have a commutative diagram
where the group in the bottom right corner is already stable, i.e. the stabilization map to
Indeed, as verified in [10, §2] , the fundamental theorem of smoothing theory [19, Theorem 7.3] gives an isomorphism
It follows that finding elements deep in the Gromoll filtration corresponds to lifting elements of
In the predecessor paper [10] this was achieved by using compositions
In this paper we show how Toda brackets on elements of π * (P L k /O k ) can be used to go even deeper in the Gromoll filtration. Recall that the Toda bracket f, g, h of three homotopy classes of maps f : X → Y , g : Y → Z, h : Z → W is defined (as a secondary composition product) whenever the compositions of two consecutive maps are homotopic to constant maps. The Toda bracket is a set of homotopy classes of maps from ΣX to W . The indeterminacy depends on the null homotopies one can choose.
To prove Theorem 1.1, we start with the unique element of order two,
where the first isomorphism is Ψ −1 * • S * and the second isomorphism is found in [17] . For ǫ ∈ {1, 2}, we now form Toda brackets
with certain elements
of order 2. These elements were constructed in [10, Section 2.3] and stabilize to a family of elements in π s 8j−8+ǫ constructed by Adams [1] . The main task is the to compute the α-invariant of an element in this Toda bracket. As an ingredient, we use the fact that the α-invariant from (1) is induced by a map of spaces
so that it is natural with respect to composition products and Toda brackets. We obtain:
1.11 Theorem. (a) For all j ≥ 1 and ǫ ∈ {1, 2}, any element in the Toda bracket
has non-trivial α-invariant.
(b) There is an element of order 2 in this Toda bracket.
Proof of Theorem 1.1. The theorem follows from Theorem 1.11 by translating the elements from (b) back through the Morlet equivalence of (1.3). Explicitly, let b ∈ π 8j+ǫ (P L 6 /O 6 ) be an element of order 2 as in Theorem 1.11(a). Via the Morlet isomorphism, we obtain M
, ∂)) of order 2 with non-trivial α-invariant and hence α : π 8j−7+ǫ (Diff(D 6 , ∂)) → KO 8j+ǫ is split surjective.
The space P L/O and Im(J)-homotopy spheres
Recall π
is an exact sequence of finite abelian groups which is split short exact at any odd prime p by a result of Brumfiel [7, Theorem 1.3] . Actually, there is a canonical splitting of the p-localization 2 . Here we have written A (p) for the localization of an abelian group A. The following theorem shows that such a splitting cannot exist at the prime p = 2.
1.12 Theorem. There is no space N (2) with map t : (2) ) is injective with image Ψ −1 (bP * +1 ) (2) .
Proof. The exotic sphere corresponding to the element a P L6/O6 ∈ π 7 (P L 6 /O 6 ) from (3) is a bP -sphere. So it would define an element t
) if such a space and map existed. Then, any element in the Toda bracket η 7 , 2 7 , t −1 * (a N ) ⊂ π 9 (N (2) ) would map under Ψ • t * , perhaps up to odd multiples, a bP -sphere in dimension 9. But any bP -sphere has trivial α-invariant, contradicting Theorem 1.11. Let G n be the topological monoid of self-homotopy equivalences of the (n−1)-sphere:
and let SG n and SG be their orientation preserving variants, consisting of maps of degree 1. To consider the situation when p = 2 we recall that [23, V §4] defined an equivalence
where J ∞ := p J p for certain p-local spaces J p , C ∞ := p C p and we have π * (J ∞ ) ∼ = Im(J * ) ⊕ Tors(KO * ) and π * (C) ∼ = coker(J * )/Tors(KO * ). In Section 4 we show that the splitting (6) gives rise to a splitting of the α-invariant
Using the Kervaire-Milnor homomorphism Φ : Θ n+1 → coker(J n+1 ), we say that a homotopy (n+1)-sphere Σ is an Im(J)-sphere if
and we define Θ Below we describe how computations with Toda brackets give new information about the 2-primary homotopy structure of the spaces listed above, and specifically about 2-torsion in π * (P L m ) and π * (T OP m ).
Consider the following homotopy commutative diagram which gives a space level description of the α-invariant (see Section 2.3):
For any space X in the above diagram we write α : π * (X) → KO * for the map induced on homotopy groups by the corresponding map X → KO.
The methods described in Section 1.3 required as input the order two homotopy class a P L6/O6 ∈ 2π 7 (P L 6 /O 6 ), the subgroup of elements divisible by 2. In Section 3.2 we show that a P L6/O6 lifts to an element of order two a P L6 ∈ 2π 7 (P L 6 ) and this allows us to prove 1.14 Theorem. For all j ≥ 1, ǫ ∈ {1, 2} and m ≥ 6, the α-invariant
is a split surjection. Hence the same holds for α :
The rest of this paper is organised as follows: In Section 2 we establish basic facts about Toda brackets in the space SG n , mod 2 homotopy groups and the space level α-invariant. Section 3 is about the α-invariant on P L 6 /O 6 and P L 6 and Theorems 1.11 and 1.14 are proven there. Section 4 covers Im(J)-homotopy spheres and contains the proofs of Theorems 1.13 and 1.2.
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Toda brackets, π
M * (X) and the α-invariant
Toda brackets in SG n
In this subsection we review the canonical homomorphism
and Toda brackets. Let h : X → SG n be a map. The adjoint of h is given by
For any map ψ : X × Y → Z, the Hopf construction on ψ [38, Ch. XI, §4] is the map
were * denotes join and Σ denotes suspension. For any space X we identify X * S n−1 = Σ n X. Identifying further Σ n S k with S n+k we obtain a map
Passing to path-components we obtain a map
If we set X = S k , we obtain the homomorphism
noting that we can identify unpointed with pointed homotopy classes, since SG n and S 1 are connected H-spaces and since S n is simply-connected for n > 1. If 0 < k < n − 1, then π k (SG n ) ∼ = π k (SG) and π k+n (S n ) ∼ = π s k are stable and I is an isomorphism
The isomorphism I is often taken as an identification, e.g. in [10] .
is a sequence of continuous maps such that both composites gf and hg are nullhomotopic, then the Toda bracket
is defined as the set of all homotopy classes constructed in the following way:
Choose nullhomotopies H and K of gf and hg so to obtain two nullhomotopies h * H and f * K of the triple composite hgf , thus a map from ΣX to W . By construction, if k : W → W ′ is another map, then
Proof. Since I sp is natural in X, Ih is given by suspending h first n times and then postcomposing with
Applying this reasoning to f, g, h instead of h we have
where the last map is Ih.
Mod 2 homotopy groups
In this subsection we recall how maps of mod 2 Moore spaces are related to certain Toda brackets. Let
be the mod-2 Moore space, and c : M k → S k+1 the map collapsing S k to a point. If X is a simply-connected space and x : S k → X is such that 2x = 0 ∈ π k (X), then x can be extended to a mapx : M k → X. Moreover, if y : S i−1 → S k is a map such that 2y = 0 ∈ π i−1 (S k ) then there is a map Sy :
Thus we can form the compositionx • Sy : S i → M k → X, and it follows from the definitions thatx
Here we identify π k (S k ) = Z via the mapping degree. Moreover, the choices in the construction of Sy andx correspond precisely to the indeterminacy in the Toda bracket.
To apply the above, we will be interested in pointed homotopy classes of base-point preserving mapsx : M k → X. Let X be a simply connected space and define the k-th homotopy set with Z/2-coefficients, see [27, §3] , by
Note that [27] uses different notation, with π M k (X) = π k+1 (X; Z/2). Notice that for k ≥ 2, M k is a suspension and so a co-H-space and so π 
For an abelian group A, let 2 A ⊂ A denote the subgroup of elements of order less than or equal to two and let A/2 denote the quotient A/2A. The long exact sequence above gives rise to a short exact sequence, see [27, §3] ,
Denote by η : S k+1 → S k the non-trivial homotopy class. The following lemma is probably well known to experts, but as we did not find a reference, we give a proof.
Proof. By naturality it is enough to consider the case where X = M k and
Hence the short exact sequence (8) becomes
and we must show that 2 ∈ π 
The α-invariant
Recall that the α-invariant is a morphism of (homotopy) ring spectra 
which we will use to detect non-triviality of certain exotic spheres. Similarly, we may compose with the projection G → G/O to obtain a different group homomorphism (still denoted by the same letter)
where we use the isomorphism I : π * G ∼ = π s * from subsection 2.1. We start by recalling some facts about orientations. For a (homotopy) ring spectrum R and an n-dimensional spherical fibration p over B, with Thom space T (p), an R-orientation of p is a choice of Thom class τ ∈ R n (T (p), * ). The group of units GL 1 (R 0 (B)) in the ring R 0 (B) acts on the set of orientations by product and it is a consequence of the Thom isomorphism that this action is free and transitive. Thus if τ 1 and τ 2 are two R-orientations of p, there is a difference class τ 1 /τ 2 ∈ GL 1 (R 0 (B)), defined uniquely by the property that
As usual, let GL 1 (R) ⊂ Ω ∞ R consist of those components which project to elements in GL 1 (π 0 R). With this notation the difference class τ 2 /τ 1 (just as any element in GL 1 (R 0 (B))) is given by an unpointed homotopy class of maps B → GL 1 (R). (The space GL 1 (S) is classically denoted by F and the component of GL 1 (KO) containing the unit is classically denoted by BO ⊗ .) In our setting R = MSpin. The universal bundle over G n /Spin n (classified by the projection to BSpin n ) has two canonical MSpin-orientations, τ 1 (given by the spin structure) and τ 2 (by the fiber homotopy trivialization). The difference classes τ 1 /τ 2 for varying n stabilize to yield a map
An explicit description of this map is as follows: As the universal bundle p n over G n /Spin n pulls back from the universal bundle over BSpin n , there is an induced map on Thom spaces T (p n ) → MSpin n . The fiber homotopy trivialization of p n induces a homotopy equivalence
of spaces. By construction, the base-point of G n /Spin n maps to the unit 1 ∈ π 0 MSpin; it follows that c takes values in GL 1 (MSpin).
Remark. If
GSpin → G denotes the 1-connected covering, then the composite
is a homotopy equivalence, hence a map on G/Spin gives rise to a map on G/O.
The homotopy groups in positive degrees of GL 1 (KO) are canonically identified with those of KO by means of the canonical homotopy equivalence (of spaces)
In the following, we denote the sphere spectrum by S.
where Sf ∈ π s k is the stabilization of f . In the middle term, multiplication by f is through the unit map S → KO of the ring spectrum KO (given by 1 ∈ π 0 KO); in the last term we view Sf as an element in π k (G) (through the isomorphism I from above) which maps to an element in π k (G/Spin), to which the α-invariant may be applied.
Proof. As α is continuous, it is compatible with precomposition, and it is wellknown that the action of π s * by precomposition on the homotopy groups of a ring spectrum agrees with the one through the unit map. This proves the first identity. Now recall that GL 1 (S) ≃ G. Under this equivalence, GL 1 of the unit map S → MSpin factors through c : G/Spin → GL 1 (MSpin) via the canonical projection G → G/Spin; this follows from the explicit description of c as given above. As α : MSpin → KO is a ring map, this implies the second equality.
Finally, we would like to identify the map c, on homotopy groups, with the canonical map from almost framed bordism to spin bordism. Recall that a homotopy class of (unpointed) maps f : S n → G/Spin gives rise to a degree one normal map of a spin manifold M n f onto the n-sphere, in particular to a spin bordism class [M f ] ∈ Ω Spin n , represented by a pointed homotopy class c f : S n → Ω ∞ MSpin. On the other hand, the composite c • f is an unpointed homotopy class S n → Ω ∞ MSpin. Since the short exact sequence
is canonically split, there is a canonical projection Proof. We first note that, for f :
where γ is the pull-back of the universal bundle p k along f and the first map comes from the fiber homotopy trivialization classified by f . Now observe that the projection π is characterized by the properties that it is the identity on the subgroup π n MSpin and that it sends constant maps to zero. One can verify by inspection that these properties also hold for the composite
where we pull back along along the Thom collapse S n+k → S k ∧ S n + of the n-sphere embedded trivially in S n+k . Hence, the pointed class π(c • f ) is represented by pull-back of (9) along the Thom collapse. But this composite is just the definition of c f .
3 Toda brackets and homotopy spheres
Recall that π n+1 (P L/O) is identified, via smoothing theory, with the group of homotopy (n+1)-spheres. Denote by a P L/O ∈ π 7 (P L/O) ∼ = Z/28 the unique element of order 2. Also, for j ≥ 1 and ǫ ∈ {1, 2}, let
be any homotopy class such that
• f is of order 2, and
• f is the suspension of some f ′ ∈ π 8j−2+ǫ (S 6 ), equally of order 2.
In the case ǫ = 1, such elements f exist for all j ≥ 1 by [1, Theorem 1.2], where they are called µ 8j+1 ∈ π s 8j+1 . (Adams was mainly concerned about elements in the stable stems; in [10, Lemma 2.14] it was verified that the corresponding elements descend to order 2 elements on S 7 , actually, on S 5 .) We can precompose any such element f by the non-trivial element η ∈ π 8j+2 (S 8j+1 ) to obtain a corresponding element for ǫ = 2, in view of Lemma 2.5 and the ring structure on KO * .
As both f and a P L/O have order 2, the Toda bracket
is defined. As explained in section 2.3 we view the α-invariant as a map π * (P L/O) → KO * by applying the canonical map p :
An ingredient in the proof of Theorem 3.1 is the following well-known lemma.
Proof. By its geometric definition, the α-invariant of x ∈ π 8 (G/O) in KO 8 = Z is calculated as theÂ-class of the stable vector bundle over S 8 classified by x. Hence the α-invariant only depends on the image of x in π 8 (BO), which is an infinite cyclic group generated say by t ∈ π 8 (BO) ∼ = Z. Now the image of π 8 (G/O) in π 8 (BO) is precisely the kernel of the J-homomorphism, which is generated by 240t [21, 6.26] 
compare [20, p. 231] . Hence theÂ-class of x = 240t is equal to ∓1 · [S 8 ], i.e. a generator of KO 8 ∼ = Z is in the image of the α-invariant, as we have claimed.
We will also use the following well-known calculations from the surgery exact sequence for homotopy spheres (see e.g. [21, Chapter 6]):
coming from (8) .
As a consequence of sequence (8) (10) is therefore injective. The snake lemma implies that the connecting map of the snake lemma is injective, so the residue class of δ(a P L/O ) in C is non-zero as claimed.
Next we note that the α-invariant π 8 (G/O) → KO 8 = Z becomes zero after restricting to the torsion group π 8 (P L/O). So it induces a well-defined map
which, in view of Lemma 3.2, is surjective. Indeed it is bijection as Calculation 2 above implies that C ∼ = Z/2. We conclude that the α-invariant of δ(a P L/O ) is odd. Now it follows from Lemma 2.5 that the α-invariant of δ(a P L/O ) · Sf in KO 8j+ǫ = Z/2 is non-zero, in view of the ring structure of KO * and our assumption that α(f ) = 1. But any element of the Toda bracket was of this form.
Proof of Theorem 1.11. As
part (i) follows directly from Theorem 3.1. We proceed to show (ii).
As pointed out in section 2.2, every element g ∈ f, 2, a P L6/O6 is realised as a composition
for specific choices of a P L6/O6 and Sf , where a P L6/O6 extends a P L6/O6 over M 7 , and c • Sf = Sf where c : M 7 → S 8 is the map collapsing the 7-cell to a point. That is, g is the image of a P L6/O6 under the map
Since f = Sf ′ where 2f ′ = 0 ∈ π 8j−2+ǫ (S 6 ), we can and do choose the map Sf to be the suspension of a map S 8j−1+ǫ → M 6 . In this case the map Sf : S 8j+ǫ → M 7 is a map of co-H-spaces and so (Sf ) * , defined in (12) above, is a group homomorphism. Now a P L6/O6 is divisible by 2 so η • a P L6/O6 = 0. It follows from Lemma 2.3 that every liftā P L6/O6 of a P L6/O6 has order 2. It follows that g, as the homomorphic image ofā P L6/O6 , has order 2.
In Sections 3.2 and 4 below we will repeat the arguments of Theorem 3.1 and the proof of Theorem 1.11, replacing P L 6 /O 6 with other spaces. To avoid repetition we summarise these arguments as follows. Let h : X → P L/O be a map. Abusing notation define α X := α P L/O • h : X → KO.
3.3 Theorem. Suppose that a ∈ 2π 7 (X) satisfies 2a = 0 and h * (a) = 0. Then α X * : π * (X) → KO * is split onto in degrees * ≡ 1, 2 (mod 8) and * > 2.
Proof. If X is not simply connected we can and do replace X by its universal cover. Since 2a = 0 we can form the Toda bracket f, 2, a ⊂ π 8j+ǫ (X). By naturality of Toda brackets and the α invariant α( f, 2, a ) = α( f, a, h * (a)) = {1}, where the last equality holds by Theorem 3.1. The proof of Theorem 1.11 only used that a P L6/O6 ∈ 2π 7 (P L 6 /O 6 ), so it may be repeated with a ∈ 2π 7 (X) to show that f, 2, a contains an element of order two. This completes the proof.
The
In this subsection we prove Theorem 1.14, which states that the α-invariant
is a split surjection for all j ≥ 1, m ≥ 6 and ǫ ∈ {1, 2}. Let v : P L → P L/O be the natural map and for d ∈ Z, let ρ d : Z → Z/d denote reduction mod d. The following lemma is well-known.
Proof. The computation of π 7 (SP L) ∼ = Z⊕Z/4 is found in [39, p. 29] ; see also [7, Remark 4.9] 
After we use it to prove Theorem 1.14, the proof of Lemma 3.5 will occupy the remainder of the subsection.
Proof of Theorem 1.14. By Lemmas 3.4 and 3.5, the group 2π 7 (SP L 6 ) has a unique element of order two which maps to a P L6/O6 under the composition P L 6 → P L → P L/O. The theorem now follows from Theorem 3.3.
For the proof of Lemma 3.5 we require the following two lemmas. They are presumably well-known; we include proofs for completeness.
Proof. We consider the fibration P L → G → G/P L and the following part of its homotopy long exact sequence
Since π 7 (G/P L) = 0 = π 9 (G/P L) and π 8 (G/P L) ∼ = Z by surgery theory (see e.g. [21, 6 .48]), this sequence must be isomorphic to
Since y + z is surjective, y is isomorphic to ρ 240 via an automorphism of Z/240. Since y + z has a free kernel, z must be injective and is thus isomorphic, via an automorphism of {0} ⊕ Z/4, to multiplication by 60 on residue classes. The lemma now follows.
Proof. Let F n−1 ⊂ G n be the submonoid of base-point preserving maps S n−1 → S n−1 . There is a fibration sequence F n−1 → SG n ev − → S n−1 , where ev if given by evaluation at the base-point [22, Lemma 3.1]. It is well-known that the homotopy long exact sequences of these fibrations fit into the following commutative diagram:
Here the maps labelled by " ∼ =" are the isomorphisms coming from the adjunction between based suspension and based loop space and the bottom row is part of the EHP sequence [38, p. 548 ]. The vertical suspension maps E n are isomorphisms if k ≤ 2n − 5 and so I : π k (G n ) → π k+n (S n ) is an isomorphism by the 5-Lemma. If k = 2n − 4 only the right-most map E n is an isomorphism, and the 5-Lemma (rather the 4-Lemma) implies that I is surjective.
Im(J)-homotopy spheres
In this section we prove Theorems 1.2 and 1.13, both of which concern Im(J)-homotopy spheres. The definition of Im(J)-homotopy spheres is based on foundational facts about the space SG which we now recall. For a prime p and an H-space X, recall that X (p) denotes the p-localisation of X. The map φ : SG (p) × SG (p) → SG (p) is the p-localisation of the multiplication map on SG. 
be the weak equivalence stemming from Theorem 4.1. We identify π * (SG) = π * (J ∞ ) × π * (C ∞ ) using the map ψ and then define α J : π * (J ∞ ) → Tors(KO * ) to be the restriction of the α-invariant on π * (SG) to π * (J ∞ ). Let q : SG → G/O be the natural map and observe that the isomorphism I : π * (SG) ∼ = − → π s * induces an isomorphismĪ : Tors(π * (G/O)) → coker(J * ). The splitting π * (SG) = π * (J ∞ ) × π * (C ∞ ) then induces a splitting of q * and of its image as q * = q J * ×q C * : π * (J ∞ )×π * (C ∞ ) → q * (π * (J ∞ ))×q * (π * (C ∞ )) = coker(J * ). (15) Because Im(J * ) is contained in π * (J ∞ ) it follows that we have an isomorphism q C * : π * (C ∞ ) → q * (π * (C ∞ )), whereas α J : π * (J ∞ ) → Tors(KO * ) descends by (13) to an isomorphism α J : q * (π * (J ∞ )) → Tors(KO * ), as ker(α J ) ⊂ ker(q * ). We use the splitting (15) of coker(J * ), induced from the splitting (14) of SG to define a splitting of the α-invariant on coker(J * ): s * := incl • α J −1 : Tors(KO * ) → q * (π * (J ∞ )) ֒→ coker(J * ).
Recalling the Kervaire-Milnor homomorphism Φ : Θ n+1 → coker(J n+1 ) we make the following definition. Since e is 2-primary torsion, it follows that S * (e) ∈ {0} ⊕ {2, 6} ⊕ {0}.
As π 8j+3 (SO) ∼ = Z by Bott periodicity, and π 8j+3 (P L/O) ∼ = Θ 8j+3 is finite by [17] , the torsion of π 8j+3 (SP L) injects into π 8j+3 (P L/O). Since the Z/8-summand maps trivially to coker(J 8j+3 ), e must map into the subgroupof fibrations
